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EVALUATION OF THE DIMENSION OF THE
Q-VECTOR SPACE SPANNED BY THE SPECIAL
VALUES OF THE LERCH FUNCTION
By
Makoto Kawashima
Abstract. Nikisin [6] proved the linear independence of special
values of polylogarithm functions over the rational number ﬁeld. (see
Theorem 0.1). In this paper, we give a generalization of the above
result of Nikisin to the case of the Lerch function.
Introduction
A lot of problems on special values of the Riemann zeta function at positive
integers, for example, irrationality or trancendency of these numbers, remain
unsolved in many cases. The Pade´ approximation of the polylogarithm functions
and the Hurwitz zeta function are one of the main methods to study these
problems and have been studied for the polylogarithm functions (see [1], [3], [4],
[6], [9], [10]) and for the Hurwitz zeta function (see [2], [8]). We recall the
following result of Nikisin which is one of the classical results for the Pade´
approximation of the polylogarithm functions.






polylogarithm function. Let z be a negative rational number and assume, for unique
coprime integers a, b such that z ¼ a=b with b > 0 and z < 1, the inequality
bsþ1 < jaj exp½ðs 1Þðs log sþ ð2sþ 1Þ log 2þ s:(1)
Then, we have
dimQðQþQ Li1ð1=zÞ þ    þQ Lisð1=zÞÞ ¼ sþ 1:(2)
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be the Lerch function with s A N, x > 0 and z A C satisfying jzja 1 and ðs; zÞ0
ð1; 1Þ. The Lerch function is related to the Hurwitz zeta function zðs; xÞ, the
polylogarithm functions LisðzÞ, and the Riemann zeta function zðsÞ. In fact there
are equations
zðs; xÞ ¼ Fsðx; 1Þ; LisðzÞ ¼ Fsð1; zÞ; zðsÞ ¼ Fsð1; 1Þ:
Rivoal [10] studied the Pade´ approximation of the Lerch function. In [10] Rivoal
generalized the study of the Pade´ approximation of the polylogarithm functions
in [9] and that of the Hurwitz zeta function in [2]. Rivoal remarked that the study
of the Pade´ approximation of the Lerch function is related to the study of the
Diophantine problems of the Riemann zeta function. In this paper, by using the
Pade´ approximation of the Lerch function, Proposition 2.1, we prove the fol-
lowing generalization of the Nikisin’s result, Theorem 0.1, for the Lerch function.
That is as follows
Theorem 0.2. Let s A N. Suppose that x is a positive rational number and z
is a negative rational number and assume, for unique coprime integers a, b and a, b
such that x ¼ a=b and z ¼ a=b with b; b > 0 and z < 1, the inequality












þ ðs 1Þðs log sþ ð2sþ 1Þ log 2Þ  s
#!
;
where q runs through the prime divisors of b. Then, we have
dimQðQþQF1ðx; 1=zÞ þ    þQFsðx; 1=zÞÞ ¼ sþ 1:
Remark 0.3. Note that Theorem 1 in [6] insists the same conclusion as the
conclusion (2) of Theorem 0.1 with a condition
b2 < jaj exp½ðs 1Þðs log sþ 2s log 2Þ;
which is weaker than the condition (1) in Theorem 0.1. Unfortunately, there
are minor errors in the proof of Theorem 1 in [6]. More precisely,
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B4 expfnðs ln sþ 2s ln 2Þg on line 14, page 386 should be replaced by
B4 expfnðs ln sþ ð2sþ 1Þ ln sÞg, and bnesn on line 11, page 388 should be
replaced by ðbesnÞs. These replacements lead the condition (1), which is the
condition given in Theorem 0:2 with b ¼ 1.
Remark 0.4. Hata evaluated the dimension of the Q-vector space spanned
by some special values of the Lerch function in [5, Theorem 2.1]. His method is
quite di¤erent from ours and our result is stronger than that of Hata’s.
Remark 0.5. It might be a natural question to ask the relation between the
Pade´ approximation of Lerch function obtained in [10, Theorem 1] and that of
ours (see Proposition 2.1 of this paper). At the moment, the relation is not clear
to us.
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1. A Criterion of Linear Independence of Numbers
In this section, we recall a criterion of linear independence for given real
numbers. From now on throughout the paper, we ﬁx a natural number s A N.
Lemma 1.1. Let y1; . . . ; ys A R. Suppose that there exist ðsþ 1Þ linear forms





k;qXk ð0a qa s; n A NÞ;











q ðyÞ ¼ LðnÞq ð1; y1; . . . ; ysÞ. Then, we have
dimQðQþQy1 þ    þQysÞ ¼ sþ 1:
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xiyi ðx :¼ ðx0; . . . ; xsÞ0 0Þ:
















1;p1    AðnÞs;p1





















is non zero for some p which depends on n. Adding the i-th column multipled by











p1ðyÞ AðnÞ1;p1    AðnÞs;p1
l x1    xs
L
ðnÞ













Since DðnÞx 0 0 and D
ðnÞ
x A Z, we get 1a jDðnÞx j for all n A N. We estimate an







t ðyÞDðnÞx; t;1 þ lDðnÞx; p;1:
For each t0 p with 0a ta s, the deﬁnition of determinant implies,
















From the condition (5), when n tends to inﬁnity, the ﬁrst term of the right-hand
side tends to zero. Thus we get l0 0. Thus we conclude that
dimQðQþQy1 þ    þQysÞ ¼ sþ 1: r
Remark 1.2. Lemma 1.1 is based on the Siegel’s paper [11]. We gave here
the detailed proof of it, following basically the argument given in [7, Chapter 2,
Section 1:4].
2. A Pade´ Approximation of the Lerch Function
We would like to construct linear forms with integer coe‰cients satisfying
the conditions (1), (2) of Lemma 1.1 for y1 ¼ F1ðx; 1=zÞ; . . . ; ys ¼ Fsðx; 1=zÞ when
x; z A Q satisfy the conditions of Theorem 0.2. For this purpose, we construct a
Pade´ approximation of the Lerch function.
For a positive integer n and non-negative integers k, q with 0a k; qa s,
we put
F ðnÞq ðx; uÞ :¼
uðu 1Þ    ðu sn;q þ 2ÞQn1
j¼0 ðuþ xþ jÞsðuþ xþ nÞq
;




where sn;q ¼ nsþ q. Then we deﬁne a family of rational functions
fcðnÞj;k;qðxÞg1akas;0aqas;0a jan by





























By the deﬁnition of A
ðnÞ
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Using the family of rational functions fAðnÞk;qðx; zÞg0ak;qas, we can construct
a Pade´ approximation of the Lerch function.
Proposition 2.1. Under the notation above, we have RðnÞq ðx; zÞ ¼ Oðzsn; qÞ
and the following Pade´ approximation





k;qðx; zÞFkðx; 1=zÞ  AðnÞ0;qðx; zÞ for 0a qa s:ð8Þ
Further, we have the following integral representations


















ðAðnÞk;qðx; zÞ  AðnÞk;qðx; tÞÞ
z t ðlog 1=tÞ
k1
dtð10Þ
for 0a qa s;










z t ðlog 1=tÞ
k1
dt for 0a qa s; jzj > 1:ð11Þ
Proof. Since the coe‰cients of RðnÞq ðx; zÞ of the expansion with respect to
z vanish for the degree larger than sn;q by the deﬁnition of F ðnÞq ðx; uÞ, we get
RðnÞq ðx; zÞ ¼ Oðzsn; qÞ: By the relation (5), we get






















































Note that if j ¼ 0, we mean P j1m¼0 1ðmþ xÞk zm1 ¼ 0. By the above equalities,
we obtain










































k;qðx; zÞFkðx; 1=zÞ  AðnÞ0;qðx; zÞ:










the deﬁnition (5) and (6), we can show (9) as

















k;qðx; tÞðlog 1=tÞk1 dt for 0a qa s:
The integral representation (10) is obtained from the equation ðz j  t jÞ=ðz tÞ
¼ z j1P j1l¼0 ðt=zÞ l and the above integration.
The integral representation (12) is obtained from the equation 1
zt ¼Py
m¼0 t
mzðmþ1Þ on jt=zj < 1 and the above integration. r
Remark 2.2. Let us keep the notation in Proposition 2.1. For x A QnZa0
and q A Zb1, the leading coe‰cient of the polynomial A
ðnÞ
q;qðx; zÞ A Q½z is not zero
for every n A N. In fact, we have
cðnÞn;q;qðxÞ ¼
uðu 1Þ    ðu sn;q þ 2ÞQn1




¼ ðx nÞðx n 1Þ    ðx n sn;q þ 2ÞQn1
j¼0 ðnþ jÞs
0 0:
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Therefore we obtain
degzðAðnÞq;qðx; zÞÞ ¼ n:ð12Þ
3. Some Estimates
By Propositin 2.1, we obtain linear systems with rational coe‰tients of
1;F1ðx; 1=zÞ; . . . ;Fsðx; 1=zÞ for x; z A Q. Multiplying a suitable integer to the
coe‰tients of each linear systems, we obtain a family of ðsþ 1Þ linear forms with
integral coe‰tients. To verify the conditions (1), (2) in Lemma 1.1 for the above
linear forms, we would like to estimate some related values as a preparation for
Section 5.
Lemma 3.1. Let z and x are real numbers satisfying jzj > 1 and x > 0. If




fjAðnÞk;qðx; zÞjga jzjnnc expfnðs log sþ ð2sþ 1Þ log 2Þg:ð13Þ









F ðnÞq ðx; uÞðuþ xþ jÞk1 du:ð14Þ
Using the integral representation of c
ðnÞ
j;k;qðxÞ and the deﬁnition of F ðnÞq ðx; uÞ, we
obtain
jcðnÞj;k;qðxÞja 2k supjuþ jþxj¼1=2fjF ðnÞq ðx; uÞjg
a 2k supjuþ jþxj¼1=2
ðuþ sn;q  2Þsn; q1
ðuþ xÞsnðuþ nþ xÞq

:
We give an upper bound of supjuþ jþxj¼1=2
ðu sn;q þ 2Þsn; q1
ðuþ xÞsnðuþ nþ xÞq

. There are the
following inequalities for u A

u A C j juþ j þ xj ¼ 12

,
jðu sn;q þ 2Þsn; q1j ¼ jðuþ j þ x j  xÞ    ðuþ j þ x sn;q  j  xþ 2Þj
a ð1=2þ j þ xÞ    ð1=2þ sn;q þ j þ x 2Þ





juþ l þ xj ¼
Yn1
l¼0




jl  jj  1
2

b ðn jÞ! j!23n3 ;
and
juþ nþ xj ¼ j juþ j þ xj  j j  nj jb 1=2;
where ½x A Z satisfying x 1 < ½xa x. We obtain
2k supjuþ jþxj¼1=2
ðu sn;q þ 2Þsn; q1




ð1þ j þ ½xÞ    ðsn;q þ j þ ½x  1Þ23sþqn3s
ððn jÞ! j!Þs








a 2n, we get
23sþqkn3s
ð j þ sn;q þ ½x  1Þ!





ð j þ sn;q þ ½x  1Þ!
ð j þ ½xÞ!ðn!Þs 2
ns














expfnðs log sþ ð2sþ 1Þ log 2Þg;




expfnðs log sþ ð2sþ 1Þ log 2Þg:
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expfnðs log sþ ð2sþ 1Þ log 2Þg jzj
nþ1  1
jzj  1 for 1a ka s;0a qa s
nc
0





for some c 0 > 0 which does not depend on n. Thus we conclude that
max
0ak;qas
fjAðnÞk;qðx; zÞjga jzjnnc expfnðs log sþ ð2sþ 1Þ log 2Þg
for some c > 0 which does not depend on n. r
Lemma 3.2. Let x, z are real numbers which satisfy x > 1=2, z < 1. If
n A N is enough large, then there exists c > 0 which is independent of n and satisfies
max
0aqas





















The above equation is easily computed by means of residues.
Since 0 < ta 1, z < 1, the integral converges uniformly for t A ½e; 1,
z < 1 e where 0 < e < 1, we obtain








































The last equality was obtained from the equality (9). Shifting the line of in-
tegration from ReðwÞ ¼ 1=2 to ReðwÞ ¼ sn;q  3=2, we get












We ﬁx v A R and put w ¼ sn;q  3=2þ iv. Then we get











Gðw sn;q þ 2Þ sinðpwÞ








ðsn;q þ 1Þs    ðsn;q þ nÞs :
The third inequality is obtained as follows. Since there is the equality
1
Gðw sn;q þ 2Þ sinðpwÞ ¼
Gðsn;q  1 wÞ
p
for w A CnZ;
we can obatine the inequality for w ¼ sn;q  3=2þ iv
Gðwþ 1Þ
Gðw sn;q þ 2Þ sinðpwÞ

aGðsn;qÞ:






















for A1;A2;A3;A4 ¼ OðncÞ and some c > 0 which does not depend on n. Thus we
obtain the required estimate. r
We denote






where b; n A N and the product is over all primes q dividing b.
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Lemma 3.3. Let x and z be rational numbers which satisfy x > 0 and z < 1.
Set x ¼ a
b
and z ¼ a
b
, where a, b with b > 0 and a, b with b > 0 are coprime
integers, respectively. Then we have
s!bnsþs1mnðbÞsbnd skn AðnÞk;qðx; zÞ A Z for 1a ka s; 0a qa s;
s!bnsþs1mnðbÞsbnðdaþðn1ÞbÞsAðnÞ0;qðx; zÞ A Z for 0a qa s:
Especially we get
s!b nsþs1mnðbÞsbnðdaþðn1ÞbÞsAðnÞk;qðx; zÞ A Z for 0a k; qa s:ð16Þ
Proof. We construct an integer which is divisible by the denominator of
c
ðnÞ
















F ðnÞq ðx; uÞðuþ xþ nÞqju¼xn for j ¼ n;
1a ka q










F ðnÞq ðx; uÞðuþ xþ jÞsju¼x j for 0a ja
n 1, 1a ka s. Since we have the following equality
F ðnÞq ðx; uÞðuþ xþ jÞs
¼ uðu 1Þ    ðu sn;q þ 2Þðuþ xÞs    ðuþ xþ j  1Þsðuþ xþ j þ 1Þs    ðuþ xþ n 1Þsðuþ xþ nÞq ;
F
ðnÞ
q ðx; uÞðuþ xþ jÞs can be represented in the form of a product of the following
functions.
PðnÞq ðuÞ ¼ ðu sn;q þ 2Þðu sn;q þ 3Þ    ðu sn;q þ sÞ;
Fc;q;nðx; uÞ
¼ ðu cÞðu c 1Þ    ðu c ðn 1ÞÞðuþ xÞðuþ xþ 1Þ    ðuþ xþ j  1Þðuþ xþ j þ 1Þ    ðuþ xþ nÞ for cb 0:
Fc;q;n1ðx; uÞ
¼ ðu cÞðu c 1Þ    ðu c ðn 2ÞÞðuþ xÞðuþ xþ 1Þ    ðuþ xþ j 1Þðuþ xþ jþ 1Þ    ðuþ xþ n 1Þ for cb 0:
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We denote





























Fc;q;nðx; uÞ ¼ ðu cÞðu c 1Þ    ðu c ðn 1ÞÞðuþ xÞðuþ xþ 1Þ    ðuþ xþ j  1Þðuþ xþ j þ 1Þ    ðuþ xþ nÞ
¼ 1þ B0;qðxÞ jðuþ xÞ þ
B1;qðxÞð j  1Þ
ðuþ xþ 1Þ þ   
Bj1;qðxÞ
ðuþ xþ j  1Þ
þ Bjþ1;qðxÞðuþ xþ j þ 1Þ þ    þ
Bn;qðxÞðn jÞ
ðuþ xþ nÞ ;
where
Bl;qðxÞ ¼
ð1Þnþl ðxþ l þ cÞ    ðxþ cþ l þ n 1Þ
l!ðn lÞ! for 0a la j
ð1Þnþl1 ðxþ l þ cÞ    ðxþ cþ l þ n 1Þ
l!ðn lÞ! for j þ 1a la n:
8>><
>>:
Substituting a=b for x, we get
Bl;qðxÞ ¼
ð1ÞnþlbnQn1w¼0ðaþ bðcþ l þ wÞÞ
l!ðn lÞ! for 0a la j
ð1Þnþl1bnQn1w¼0ðaþ bðcþ l þ wÞÞ














and ða; bÞ ¼ 1, we obtain mnðbÞ
Qn1
w¼0ðaþ bðcþ l þ wÞÞ
n!
A Z: Henceforce we get
mnðbÞbnBl;qðxÞ A Z for 0a qa s; n A N:
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þ B1;qðxÞð j  1Þ
ðuþ xþ 1Þ lþ1
þ    þ Bj1;qðxÞ
ðuþ xþ j  1Þ lþ1
þ Bjþ1;qðxÞ
ðuþ xþ j þ 1Þ lþ1
þ    þ Bn;qðxÞðn jÞ
ðuþ xþ nÞ lþ1
#


















ð j  1Þ l
  








ðFc;q;n1ðx; uÞÞju¼jx A Z:
Thus we obtain
s!mnðbÞsb nsþs1d skn cðnÞk; j;qðxÞ A Z:
We conclude that
s!mnðbÞsb nsþs1bnd skn AðnÞk;qðx; zÞ A Z:
















þ    þ 1















þ    þ b
k




Since s!mnðbÞsb nsþs1d skn cðnÞj;k;qðxÞ A Z, we conclude that
s!mnðbÞsbnsþs1bnðdaþðn1ÞbÞsAðnÞ0;qðx; zÞ A Z: r
We put
DðnÞðx; zÞ ¼ det











for every n A N. Then we have the following lemma
Lemma 3.4. Let DðnÞðx; zÞ be as above. Then DðnÞðx; zÞ are non-zero poly-
nomials with rational coefficients in variable x for every n A N.
Proof. We denote










þ    ;
DðnÞq ðx; zÞ :¼ ð1Þsþq det
A
ðnÞ







1;q1ðx; zÞ    AðnÞs;q1ðx; zÞ
A
ðnÞ














DðnÞðx; zÞ ¼ det AðnÞðx; zÞ ¼ det
R
ðnÞ
















a ðn 1Þ þ nþ    þ n ¼ ns 1 for qb 1
¼ ns for q ¼ 0:

185Evaluation of the dimension of the Q-vector space spanned













RðnÞq ðx; zÞDðnÞq ðx; zÞ
¼ bðnÞðxÞcðnÞ0;0ðxÞ þ h1ðxÞ=zþ h2ðxÞ=z2 þ    :
Since DðnÞðx; zÞ is a polynomial in x and z, we get
DðnÞðx; zÞ ¼ bðnÞðxÞcðnÞ0;0ðxÞ A Q½x:
Moreover, since c
ðnÞ
0;0ðxÞ is not zero, DðnÞðx; zÞ0 0. r
Remark 3.5. By Remark 2.2 and the equation (17) in Lemma 3.3, we have
bðnÞðxÞ0 0 and c0;0ðxÞ0 0 for x A Q>0.
4. Proof of the Main Theorem
In this section, x and z are rational numbers satisfying the condition of
Theorem 0.2. Theorem 0.2 is proved by using the result of Sections 2, 3 and 4.
We construct ðsþ 1Þ linear forms with integer coe‰cients satisfying the con-
ditions (1), (2) in Lemma 1.1 for F1ðx; 1=zÞ; . . . ;Fsðx; 1=zÞ. We use the notations




k;q :¼ s!b nsþs1mnðbÞsbnðdaþðn1ÞbÞsAðnÞk;qðx; zÞ for 0a k; qa s;
and





k;qXq for 0a qa s; n A N:
By the equation (16) in Lemma 3.3, fLðnÞq ðX0; . . . ;XsÞg0aqas are the linear
























Now we are ready to prove Theorem 0.2.
Proof. By Lemma 3.4 and Remark 3.5, we get DðnÞ0 0 for all n A N. By













jzjnðs1Þ expfðs 1Þðs log sþ ð2sþ 1Þ log 2Þgn:
where A1 ¼ OðncÞ for some c > 0 which does not depend on n. Using the fact


























þ ðs 1Þðs log sþ ð2sþ 1Þ log 2Þ  sÞ
!#n
;
where A2;A3 ¼ expðoðnÞÞ. Suppose












þ ðs 1Þðs log sþ ð2sþ 1Þ log 2Þ  sÞ
#!
;







goes to 0 when n tends to inﬁnity. By Lemma 1.1, we conclude that
dimQ QþQF1ðx; 1=zÞ þ    þQFsðx; 1=zÞð Þ ¼ sþ 1: r
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